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173

Chaptel. 4

Introduetigri

Thelp _pose of thiq chapter
/ -

the exponential functioni f :

verses' the logarfthmia tunctiOns.

It is iassiimed 'that 'the student is fthniliar with

ITC F, J7ELONS.

A-

s to gtudY, the pra ertieS

(a > 0). and, th r in

o? exponent

an 1

where r a]

in particula; 'with

he laws

d s are rational n bers. Nevertheless, thqsg

re ,reviewed /in. the first sec ions in connecter with

a concrete problem thevgrowth of a of' bact ria 7 In

Section 4-3,. a is igiyen a meanin when x is irrational.

Another treatment of aqations 4

AfTendix. This -;.ierriative uces and sollires the fur ct lanai'

ax y)

Al, students, this approlri.

a ,4-2 is given in the

A

f(y) We belieVe that fo 'e cepiAon-;i1

ill' be very illumillating.

, Beinrikng with Settion 4-4 the material, wiitibe new tolahe
.

_

student .yi. The maithod ..of liner .appro afion used in Chapter 72

is applied, to expohentiaI graphs

f xr-ax the slope rune



where.

174 .7

x. . .

er emphas

at

non-trivia case, e A-08-
4 3

graph bf has- a taxent at the point

joining F to nearby pbints, it is made plaAsible that the

slope k of this tangeq amp, oximately 69 .

Once this is granted :there is plain sailing, it is easy

.to show that if, 'ff (x. - k2- By the device of ex-:

pressing. a- as _a 'DO- er of (-1-2.

that, for

= explrained in 4-4, we show
4

It is then- natural

hence so that

a..

0 hoo:: the base a that CC k . 1 _and

This leads. to.ap "intuitively simple
,t

e and Astima ing its value.

ttie appendix' -le) there ;will be found a further dis-

f introdping the base.

.cussion of int particular, some indication of the connec

between 'equations (5) d 7 4-.

,t au of the -emphasig. p_ n. the special case a -.2,

it is important to familiarize th' studen very thor

the use of the table of values of 2'. Some remarks

ughly with

concerning
A

-the construction. of this table are given bp ow. 4The student

should also betome accustomed to the full page graph of y

\

'A blackboard cirawing:ot thid graph would- be :61pful
,E.



The app ications di;scus-ed -e of wee types:

td too
that at least the drat type 11111 loS includedIt Is expeoted

re'

in.view:ofkthe

advantage that only pow re 4f 2 need be involved.

s

currbbt i_terest in radioattivityt It has the,
4

Section 4-8

verse functions.

paid 'because- of 'the

,Ondept . This

A'
oussionof the importaht topic of in-

#n thisjectie!itill'beWefl.re-
-1-,

lig t Wach-it throws n':the function

vial -could have been iii

earlier)rin the text n_..chpter 3 iftbrppmposition of

.functions or even at he end of Chapter 1 Ilbever, it was

felt that by placing the section in this chapter, .the time

lapse between idea-
. .

. the -af p ication of course is to logarithrtic4flundtons '-9)

application is7redlicred_to a minimum.

. An effort haa.beeh made to

a significant way by- using the princ pAI results of

treat, logartithlilla functions

It may be appropriat at

meanings of rational-exponent

following kind:

Find a simple4oname for

2 .b) 2

8

this 13o0t review -the basic,

and work a few exorcises of-the



Bind a-41mpler n:

g at restrictions do we have on a,

avoid valUes that yiela a-zero denominator o_

expression of the form, 0

olutions td Exercises 4-1

Identity (l) says that if r and

We

Pages 220-2 9

are rational°

in Prot lem

get

2r+

substitute 11 nr" for "s".'

2 1

2r 2
r



5

Let the number of bacteria after n days be re /resented

by N(n ), e have then, N(n)

La) 106 2 2
-a

14(b)
106 2b.

or 'N(a ) = N(b )2a-b

Hence

or if a

100(2112& ThUs,

-b

-N( b ) 2k

hIs problera,

7
N 3

Let, a.=. N(100

aN(x):= 7 or Ax) a

. N(98). Therefore x

-.2

e seek

0-

. 1024

We seek an -x Such that

or ,N(x) . 1 2100 2
-2



r78

This piloblem involVe8.the mare general situa

DI(n) =,N(0).bn: As °Nem 4

0)ba

or- N(a + k)' ). N(a)b
N(3 + 3/) = 1;600,000

a =

()b,
k '= Then

1= 200,000 b3/2".

Therefore, ,600 000' . 21;0 Poo b 'or b3/2 8

b = 4 :Hence, N(n) N(Q)4n, 'and in particular
N(3) .-L200,000 N(0)43.; Therefore, N(0) 200,000

The fowl c N(n) . noWmay.b'e written Is

00, 000 4n-3

IT( 5) = 200,000 -3

If .n. 1 1 2, .N (1 1/2) = 200,0N
00,0C40 4 2 200,000 1/8

If 800, 000 then 200200,000

=.800,000._ and

nd 'n 4

SOluulOns to Exercises-4-

1. If both and n a e po

a a, - -

m aators

1= 4 Thereforec-n

,200,000

a/2 ,4

25 000'.

3'

P ges 233-234

ve integert am - an

a ak, a = a a =
n factors m ± n factors



If m-= 0,

179

then we know that = 1. Hence
T

2.

1

similar argument holdS

established

suppose

for-

Now' uppose 41 < 0,,

(1 .if- m > -n,

Then-

=0,

a
0+n* m+n

= = a A

= Q. Thus, ',the is
01; 2,

0. Then

1 a
.7 -n

a. a

let' m = k

am
m ,

a
-n

a
k

a
-n

a-n

re kf = 0,

from

k- m-Fn in m +n= a = a: , so a -,a = a

his ease.

If m < -n m need not be 0), then let

m k -n where k = 1, 2, 3, Hence,

am am am 1 m+n

a
= a-n m+k m

ak

_m+nOnce again a a

the possibilities.

Suppose m, n = 0, 1, 2,

If m = 0, then

If n = 0, then

Now-suppOse ire / 0,

m
a is used as a factor

n

0.n
.a

0

=1 = a° a

a . a
m

n -factors of

completing all,

= in 0
a=

Then

imes:

a
m

. means that



18o

itself is the piioduct when a' is t

factor m ,,times, %a. = a... a . a .

m .actors
n

am by its expanded form,

.we ,see that-,412_

so that arnn

We have establishsed the idle

m, n . 0 1, 2,

the atheAkeed

a factor mn times

for-

In fact, if m or n . 0,

be-. restricted tO t: e non-negative

iritegers. The proof goes through for this-more general

case.

Now suppose m 1,

Then

n 1,

Now suppose, m = 1,

m -n
a

Finally, suppose m = - 1, - 2,

n
then

n 1

a

-n

n

1

a-m -n

_mn

... then

- 2,



I

This completes, the proof that

values of m and

1000(8=2/3)

-2
2 -2

2.5/21 -1

-4/ 21 1/3

-x
As 2 is an in%reasing function as x increases,

order f decreasing value from the le_

22, 241,/, n2/3.
2
-2

2(45/2)(8- 4
2 -2 .

/9 9 ,

10

or

we

6. If

If

n -

ti

If - lb , then

hat = =

If then

it-) -- 41-ri

hat m -

In

have

2

it

and 20 4m

and



b b- 2 2
C

182

bi
k2

C

It might be well to obtain sore rational powers of '2

before resorting -to the table on page 235. The. table then

becomes more mean Ogful to the stude t and moreover, there

is a better notionOrof the increasing natu e,of : x

Frio rational powers of 2 that,are-most readily )computed are

2.5 2.25, 2.75, 2.125, 2.625, 2.875
which obtained by

successive square roots of and taking appropriate products.

Thus 2' 2-
75 .5 .25

This Could have been obtained,

3 4 ,also, by finding the square root A/6. Thus 2-- =
%o1

If these values are obtained and listed in order, we get,

approximately,

2_

0.000 1.000

.125 1.091

.250 9

. 375
1

. 500 1

.bP5 1 :52

!750 1.682

.875 1.834

1.000 2.000

Intermediate values o

,may be obtained by linear inter-

polation within a very small

error. Thus, using the familiar

interpolation technique we get

from thiel., table

1.150 instead of 1.149

2'8 = 1.742 instead, of 1.7q1.

It might be helpful- a time -saver to have-a class-chart

of the table of values of as given on page 235.



Solutions t

1

2.

-erci =2

) 25/4 21.2

=25 -2

.183

- 2 . 2-'15

2 65 22
2.652 . 2- . 2'

20.58 _7.2.55

-0.72

;es 235-2

2 (1.189).a.378

1.41 2(1.189)!. 2 378

2(1.110= 2:220

4(1.569) . 6.276

(1.464)(1.102101

+ 28
7

.26)(2.03)

.5 1.189 . 1.0 101

.84 2-52 222 2

4(1.414)(1.01396) 5.74

-0.63
.25-

63 (2-2)
= 2

1.26 2.25

2(1..189)(1.00695) 2.39.

2

-4.0 .0625

-2.6 .0825

3.2 .109

2.8 .144

.4 .190

- 2.0 .250

1.6 .330

1.2 .435

-0.8 .575

-0.4 .758

1.4 2.640

L.8 3./182

2.2 4.596

6 6.064

3.0 8.000

.49

1
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lutiOna t6 Mtereisea

1.4

A ompar

a)

e)

a We might pen

leeway from these

f the oaph is not)b own up.

revt al a diffence cif not , re than

3.32 3.3

23 1

-.79
.58

No. f x .is a real number such that, 2x = 0,

if y xislany real number whatever, then y - x a

real number, 2Y-x is therefore defined, and w have

2Y2x 'x = 2Y-x 0 . 0,

but 2Y-x - 2x = Y ,

therefore 2Y -

for every real numbv y. But ,so this i m siblg

a). If

b) If

If

x Ps 2.58

-1.32 -1.3

1. 1.

Solutions to Eercises 4-4

suggested that the-e exercfs

the graph of

Pages 246-W

be checked by usin



:34

Using the graph o x-4.2x on obtains 1.4

quickly. There 2'4 2 is also rea

6.276 = 4 .i1.569 2'5

270
r-O 6 , 2 65

- 2
-1.59. -2.410.

k

-0:6

4

gs.33.Rs

the' grap as 1.3.

4'. 5.2 = 4 1.

5.22.6
.2

6

PS

2*
38

3)

(22".38)

2.15 2.04

1.110)(1.02819) 73

Tangent Lines tonential Curves

It niight be appropriate at this point to review the

methods for finding the -lope `6C' a line, and the equation of

2.65

a-line:.,r The slope, m,

) is

the line7t'hrough, y1) and

Y - Yl
m --

x
2 1

1
provideld x1 / x2

2
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See-Section

cises might help in he recall:

d .reo the fir
ed. at

1,

(9,

0, 1) , (.5, 1.3)

d)- .;(0, -1 ( -5, 1.3)

5)*

15)°

4
(-1, -5)

0), , -5)

7Y, 7)

equation of the line on the points in 1.T Find the

III., LtUnder what circumstances. are the

aid = mfx 4- b' / bl

a) parallel?

Solutions to EXercis

y mx 13-

pe pndiCular?

.01
.0068

-.01 - 0 .01 '"

A comparisoci reveals that both

results for

.01

Pages 249-250,

1 ,072

1_866) . .933

2
5 2.04

932)(1.02819).

P4).9932
fm,

and (b) gave larger

.69312k while (c) and (d), gave smaller results

Average of values for k la) and

which is very close to k 3.

.72 -7 .67 1.3
2



2. Slope

x

f

rom graph

(22 2 we number the dgle for

2x from 7 to 1.5, halving the existing sole
r- I

12 (T.C. ) , we get tlae graph of the functiot

See page 1 of 'T. C.

Slope for x -wr. 4x at, ( 0, 1) is 2k as the

abScissas are- divided by 2 while ,the ordinates are

.held fixed.

Solu xerc

x -2x has the

At (.1 2) the

slope

slope is

Pages. 252-253

at 2 ) k s .69 .

1 = 2k 2(.69) 1.38 1.4

You should get someth ng Close to 1 from the graph.
16

In using the graph,, use an interval of 1 or 2 for the

\abscissa to ease your arithmetic.

:Abscissa or Point Slope k

for x-ti.2x at

Slope - 2x
2 ,

for lox

1

2

-1

k

2k

4k

-_ ..35

1.38
2.76

_ 4

3 0 Chef graphically: Use the graph on page 12 of T C,

4. As the, slope of x--46.2x at (h, 2h

,n the slope iF positive for real h so that the

is approximately



rate of .chan

pf x.
2- As po

Dr negative.

Hence' the rate of change' for x-11-x2

1?,9 itive. Hence,s he ate of change,

ve f11 real x . and is never

slope function for x x2 is

is positivezero,

or negative respectively.

Tee slope of f =

as.follows=

aid (11'-i-

h--Fu ,h.
.e-k2 - h 2 1

a )07-777-771 u u ocu

Hence, as u (or oCu) approaches 0, the-slope of the

the slope

4u)

ax' at (h, a-) may be found

he line. hcontaining .(hl-a

- a au
h, Mu

secant line approaches ah k ,which is the slope of

the limiting secant,or the tangent. It will be coonyeenieq:

to write the approximation .69Crah where a a 2.
_cC

.as the slope at (h,
ah)

-Solution Pages 255 -256

We havet'derived the slope at (h, _x

h
as a: lca above. Hence, the equation of the t ._gent line

through (t ah) is y - ah kah(x - h) where

a = 2- and k N.69 .

At (1, 8) the slope of f : x-4.8x is found a.s follows.

We have the general formula, slope a k(ta-

For thi8 problem, the slope - kM81 8-1k where

Hence ...- 3 d the slope at (1, 8) is 8 3 k =' 24k

24(.69 ) x=16.5 or 17 roughly.



At (2/3, we-get

or approlximately,,,,8

-"w(i/T)X

192

ka

.17

The slope at

is .5 k 2 = 5k - 2 . k . Hence, the

equation of the tangent at (2, -Is y 2.= k( 2)

where k

f x- 4 = 2-
2x

so that a: . 2.

2 . k .
2 S2k 32( 22, .

At the slope

1 The gr_ph on page 12 'does .not extend to x
gar

We mar, however, find.the scope for x--w4x at x - 1

which is ,2 . 22 = §k and then multiply the answer

by 4.-=' if we -do this we get 4 . 5.5 = 22 approximately.

As the graph is very steep here it is acceptable to have

an answer anywhere from 20 to 24.

We are given the slope at all), for x a- as 2ah.
_x

, _

Hence, 2a,h. a
h SO that 2 . CIC k or

CC
2.

22/k ,22.9
9 . a =

4(1 866) 7.5 Hence., a 7.

The slope of RS

The slope of P

The value of f :

a - a-
x 4-

a 1 .

- 0

at' R(x,

the Slope Ot RS value of f

or

R)

a- Hence

ope o of PQ)



.,191
The slope oc the'.1ine containing

4°-431 = 1
0.022

1.01396
.01

anci 40.01)

Q1396
1.396-.

Itt 7) the slope df the graph xf

s 2k -which is approximately 2(.693) =1.386. Hence,

the error is about .01 in 1.39' which is less than

1 percent.

-It is possible do this problem without the, step by

step graphing. Suppose the graph were made perfectly

and that the zequence of points obtained=is (0, y1),

(.2, Y3),

(5r

Y4. Y3 2(Y

Yll

0 The following table gives the coordinates:,

(1.0, 0, yii). Then

.1) . 1 + .2 .1.2- (the .1-is the abscissa
difference.

.1) .

.1) . 1 = (1..2)'
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1 Plot these point Then the-

1..2

3 1.44

4- 1.73

5 2.07 The set of lines then approxi-

6 .5 V9 mately, encloses the graph for'
7 .6 2.98

8 .7. 3.58

9. 8 4.29
.

10 .9 5.16

11 1.0 6.17 r

-.1 .83.

2 9'

line containing consecutive

points is drawn- for everypair:

2-
f :

x which will. be

discussed -in the next section.

V
From the graph so obtained

on page 21-, for x - 1,

y z 6.2, approximating (not

too well) e
2 (2.72)2 7.5

In Exercise 5, when x. 1,, the corresponding point it, at

(1) 7.5). Hence, y 7.5 (which is approximately 'e
2
).

9. This problem is like

lar analysis we get

yl
-77. 1

Y2 Y1

73 Y2

Exercise d, but easier. Using a simi-

y

y21
A

.1) = 1.1y, s 1.1

1.1y2 - (1.1)

10
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4P8

5

_A -
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-5 C *
2.6 ,

.4

2.0

1.6

1.4

1.2

a
6

28

p

10



3

4

5
6

7
8

9

10

11

.4
5

.8
.9

1.0

1.21

,1.33

1.46

1.61.

1.77

1.95

2.14

2.36

.91

.83

Plot these points. Draw

the lines containing pairs of

consecutive points as iii. Exercise 8.

Solutions to Exercises 4 -6

These lines envelope the graph of

f x-pex which will be discussed

n the next session.

From the graph obtained, when

x 1) y 2.6 . This is a fair

appromation to e-cti 2.7

(4/3) . 64/27 Al 2.37

(5/4)4 625/256 sts 2.44

.(6/5)-5 (1.2).5"gs 2.49

1 + 14) 1.167 .sts 2.52, off by 0out 0.2 from e

2. For n + 1 +.1/2 2.5

n- + . 1 + 1 / 2 + 1 / 6 2 . 6 6 7= 1

n = k : 1 + 1 + 1/2 + 1 6 + 1 24 tv 2.667 .-042 = 2.709

= 5 : 1 + 1 + 1/2 + 1/6 + 1/2k, + 1/120 2.709 + 008

2.717
As e = 2.718 the error 0.001, approximately.



10g manner,

.196

lrhave beenarrapged in t Ilow-

where the 3rd line is obtained from the &-71a4Aine

by dividing the 2nd line by 2. In general, the (n + 1 )th

line is obtained from the nth line by dividing the nth line

by n. Thus

.0082.

2.7166 2 17.

e'90 '2.460

A-88
e' +

3/5 dila/ sin thousandths)

d = 72-

88Hence,' e*, 2.3404 .072- 2.412

88 e.a5 (2.140)W330 p$ 2.410

This value fOr. e' 88 :Fs 2,410 is- the better value as

it was obtained by Using the identity eae-
ea+b

In linear approximation it is assumed that the graph

is aPproximated by a line segment in the interval

under consideration. As x ex is,4.-

creasing function; i is concave upwards so that linear

interpolation would yield a larger value. -Thus:
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Interpolation

Value = 2.412

Exponent and

Correct value

= 2.410

85 .88
,

(Use tables bn page 26? )

The: slope at e) of x

The slope at (3, e3) of xwe
e

e
3 ps 20

The Ope, of the-line containing e) and

o.o8 2.718 17.68 8.842

In other.wOrds the elope at x of x ex is-
o

ex, we seek a solution to -ex =.8.684..

Using linear interpolation we get

,Hence,

a2J182

,8 84

8

2.50

2.00 d

2 00

d
50

x cs 2.13.

in :hundredths)



Solu

We.use the formula W(-0)2

Paget 268-269..

1 -so that after

we would expect V4 of the ample to remain. NOte that

we could have observed that after every-3.85 days we have

1/2 left. Hence, after 2(3.85) days-we would expect

(1/2) (1/2) .7- 1/4: left'.

Similarly . 2

308

In this problem we seek

and. 13..E and 80

Therefore=

know W(x) 1.1(0)2- T when

seek

.
Hence,

12.2
Hence 376- -2 T or

71.2
and 12.2

4. -Once again we use
.

All(1)
when x -/40)

100
33 years. Hence.

=4 2 T

05 minutes

x T . We are given that

Therefore, 2-1/V. 14
50

) 2 270..3 milligrams

and we

after years.



.36and- T -.414

2

Hence,

t--
3 000L _and

1
.277

85

-w(8

-3,000
2

.614 2 - 1.897,

5 = 21.85

3 000
,1.85

83.0' 1_ 6202. 2,

cs 1.4. milligram.

,620 years.

w(0) e 2 milligraMs

An alternate solution is -he:following. we have

.,.?77 3000/T-
ti



approkimat,

Hence; q (810 - 1_4 rr iligr aPprox.

olutions tc Exercise- 477b
-7--

nt
P(1 t lam) If .,2;

= 1000(1 t .015)2'16 . 100©(1.015)36

.0064 .23292

A . 1,709-70 to nearest 1.0

A $1,710 to nearest

2:. A . 1,000(1 .0075)4

log A = 3 ± 72 (.00325) .4

Ps.o ;27f-

18

-o6o

A = 1,714.00 to nearest 11:V

A,. $1x714- to nearest

0075 )7
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= 1 000e(
.93)18 =-1,000e7 = 1,000e

A 1,000(1.649) ;(1.04 17

A $1,717. If 5 place tables are used.

A $1,.716 correct to nearest $1.

Section 4- It is frequently, helpful in conveying the,idea

of an 'inverse to .consider functions

-let be . described- by the

ith a finite

table
domain . Thus,

:4 Domain of f (1,

Range

s.

which we may repreSent. on a graph as .4ots,



202

sends 2 right back to the domain of

he range of -f (2, 5, 3)

the domain, o_ writ

and the range of

the table for.

pictured on the abOve graph as circles. Note le'symet of

f a d f-
1 with respect to the graph of y = x.

When the eRpreesion on the right side of the arrow

f
-1 may be easily obtained from f. Thus, if

3x - 2, a then f corresponds to the

inStructions."militiply by 3 and then subtract 2. To "undo"

this and obtain f-1 we add 2 then divide by j. This is

all well and good for simple functions. Howeve this approach

no longer works
x_ +

f :.xix 2

we write f : Where

a nd.the value of

particular y: Hence, we solve

x y
1

- 1

x 4- 1
Y.- 2 '

when we see-

that is associated with .a

y fo obtaining

-2x 1
We then usually write

-1
: . using

1 .

tr n
X in place of "y"

We could check this result quickly by taking A specific

vaiLle for x, say x = 0, and seeing whqther does



Mo edver,

2X 2 - x -.2

x

(x)
-1( )

4- 2

x .

In general,if f : y = f(x), then solve the equation

f(x) for x in terms of y. This enables us to readily

associate with a giVen y. its x-partner and thus reveals the

inverse, Of_course f does not eve an inverse,

the ,expres6ion obtained .for in terms will reveal this.

The composition

following in succession two sets of instructions... Thus, if

: x 3x and

then' (g instructs us to multiply1

of two functions. may be considered as

x 2

x by 3 -and then

Subtract .2. We could then write (g o - In

v



more complex.cases is convenient g o

.this illustratiOn g(f(x)*.) - 2.

In the 'composition of functions it is most essential to

observethe correct order. thim,.we found -in .our illustration
,e

2 However,that (g:o f

(I., .0 g

so:that (f o

.gneHmight ask the

tole case where

2) = 3x -6

3x = Hence, in-general, og o4

4

q uestion,:when does f20 g o f in the

d g(x) are .linear? Youwill find

this Case-that the line-graphs of f a g have slopes

Iso_11, 1, or they intersect on the x.

We may visualize the composition of tWo,func ond,

as follows:

where the vertical 'lines represent number l nes, and the dashed

arrows the4pmposite function

Ref.: Appendices CEEB Qom:-

(g 0 0.

ion Report, P es 8 7



ctbtaining

x

Alternatively y
- 3

f: X ± 8,
1: 8

-4
as follows:

8 and solve

3

Y

terms '9f y,

-equivalent

1replacing x by x

replacing x by:

replacing by

Hence,

x,. y =pared With x x + 7;

x
5

x -compared.red with



he- riuinber veLtiOu ,in c given
be -rePre e y the nctions . to as rdli814-

.

5(4(9x +
100.

SuppOse the digits r and y, .nd we pick Then,

aJifs /-1 Exereise, 3:,

:5x ÷ Y-r-7

h tens digit and units digit y.
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Set 4and 'so lve for

Similarly,

x + 7
ITET x

terms of y

x 3
x ÷ 2

b)..incl..as follows:

and g x
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a-x 4- a + x - 1

2ax + 2 - 2x 4+ 1
identically,

In particular this holds when x -0, in which case

a - 1 = o or a - 1

X ± 1
X x 1

Check: o f)

so that o f) :

) Suppose that f were not 1 - 1. Then there could be

distinct x's, xl,< x2 stpch that f (xl) = f

contradicting the hyQothesls that f Is strictly

increasing. Hence f .1s 1 1 ai-M therefore has an

inverse by Theoreffi 4-,

f is tritl:t1 decreasing If, whenever

the lomain o xl

A lecreasinr7 function is 1 - 1. (The argument

similar to that given in a.) Eene, it has an inverse.
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is

When there

in the dotain

nverse. Suppose

e two xls, xi x2

for hich T(x, ) (x2) But

then; we would have line parallel to.the x-axis crossing

the'graph .f at 2 distant points (xi, f and

This Contradicts the hypothebir 6n f. Hence

is 1 - 1 and has an inverse.

9. The hardest part of this problem to etp track of the

various domains.

a) We are given:

(1) (gf) (x) 6 x for each x in the domain of

2) ifh)(y) y for each y

If fh)(y) = f(h(y)) ex

the domain of h.

h(y) must be in the

domain of f. Hence (2) implies that, fOr each.y

in the domain of h, h(y) it in the do Main of f

and can therefore replace x in (1). We then,

have, for each y in the domain : of h:

(gf)(h(y) ) = h(y) by (1)

(gr)(h(Y) ) = g(f(h (Y))) = g((fh )(Y )) ) by

(2), and therefore = h(y) , on the domain of

h, by titution.

Just interchange g, and i in

and h are inverses, we must have

(f-)(,x ) = x for each x in the domain of h, and

(hf)(x) = x for each x in the domain of f.

Also, If and ( are inverses we have

) each in the doma-__ of an -1
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(gf)(x) = x for each rx in the domain of f.

From 3)' and 6), using (a), we have

g(x) = h(x) for each x in the domain of h,

and froM (4) and (5), using h(x) = g(x

for each x in the domain of g. Hence g and

h .a.gree on both domains and must tie the same.

function.

Section - . logarithms

If f is dpfined by f : x 2-
x

we have, in particular,

/ if :: 3-±- 2 or f: 3-- 8. Thus, under f, 3 is associated with

8. Under f
-1 then, 8 is associated with 3, or f

- 1
8-- 3

In general, f 2x.--10x This form is neither convenient nor in q

conformity with our way

f - and represent y in some manner in terms of x.

We get around this by Using a new symbol, log2, for -f-1 so

that we may now write f
-1

x--wlog2x. Thus log28 = 3 is

writing a functiOn. We prefer to write

simply another war of writing 2' = 8. Students usually find

it easy to understand by thinking of a relation, existing

among 2, 3, and 8, as being expressed by two equivalent forms,

logarithmic and expqnential. In general; the two equivalent

forms are

(1) logarithmic lo,B N s E

(2) 'exponential B
E

= N

both expressing the very same relation among B, E, and N. As an

illustration,, onside- the problem of finding log4 64. If we
t
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set log4.6 = x and use the equivalent exponential form,

= 64, we are on home ground and easily -obtain .x = 3.

Solu

1. 3 . 25 = 4x 22x. hence 2x = 5 a x = 2.5

2. a . a
m

= al+m = (a2)m = a2m

3. 2 = 10 x = 3.32 approx.

4. a) 1og2 =. log2 8 .

1082 2.5 g...1 1.32, hence 1 < log2 2.5 < 2

log, x < o for o < x < 1 cheCks with graph

Piges'292-293.

= 1 t m and m 1

. = log 1 . 0

But log (x 1.) log x log

therefore log x :+ log (--d = 0 or log

Log (3--c--; log ( /1log xl + log k7

= log xl - log x2 from

-log x

for x_

7 ccall x hence f(1) = a, -1(a

10Y -

2

q lo- ,

hence cq

logio -=-

to a . 1.

or 1

for possibly

10i710.10 lo

- .3010 - .LI

-logio 2 .3010

[or log

= 1, or

>
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l©g10 74
(31.2

0010 1

25
1 - lo

4,
_ 4 log10 2 4(.3-010) . 2 - 1.2040

.7960

_

,lo l0 28

= 2.4080 - 1

10. a) 10g- 5.5 2.46

b) log2 T. . log2

-.415

to 10 256 1°g10 10

1 8(.3010) - 1,

..1.4080

4 a log 3

Solutions t0 Exercises 4-10

1% If 2P = 26 then l082

b) If 1 x. 5 then x

585

Pages 299-301.

0 1000

.001 g x, hence .01x = .001 or

or -2x and x . 1.5'

log3 . -10g3 1 = -10g2

104 32 . log4 2 5 log4 2 .

lo log-
4 9 3 2

or 5 5 = x and x - 10

107 - 1) 0 log = log 3,

4.(
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10

7
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°g10(x

log 3,

log

-2
. log 3,

and x =

hence x s 7

log-10) 10) a10 (e

Hence

01:

in(101°g10 e

i0
_0(in 10) . 1

a) if loge x = 0, x = 1

b) If logx x = 1, x > 0

log, C
If x 0, x

If logx x = 2,

or

x

10g10 . log,

Hence

Then

1

(1°1'710

Y(1 .210

y2 -y- 210 = 0

(y .7)(Y - .3)

.7, Y = .3

1

and

=

1
x

log
0

e

See Misc. Ex. P. 310 *36

=1 d810 ,10 log10 2 = 1 - 10g10 2.

2) -=',210. Let y



But log <

*Hence

or log10

If f x-4-1x

.3

log
a

214

2 < 10'5 =

(approx,..

f(2) and f has no inverse. The

is the inverse of -he exponential, x

log10 x
x has

to graph5 = x,

solutiOn. An easy ,Way- to see this, is

logiox. The graphs do not intersect.

(See Figure -9a. ) Also, if loglox F x

then logio x =

1

or logioxx = 1

1

Xor x-

and ti4re is no real. x satisf -g this

equation.



4(10)X _1

IC76 *

2 = (1 4 .0025x)49

215

v

log
A( .0025x) =

0I

1 + .0025x 1.0175

007526

-0025x .0175

7 percent-

12. In particular, the chapter, "The Next Generators of Compu-

ters"- makes a nice ect for a student to report on.
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Miscellaneous Exercises

0.693

n

or n . in 2,= k.

b) Ratio = e Hence percentage increase

= 100 (e =1) percent 4

2 f (0) = ea° m c . 2

1,5) = cal'5 c gal '5 = '4

2
-Hence a3''

f(2) = a2 .

f : x,

1

a) e
i

=
nx

b)

s . a - ar
n

1 r

7

0.25

1

2x

a =

Hence

9.

a = 0.5

ar
n

= a - s(1

a) In ab = In a in b = 3 + 2 =

b) I n a b= 3'2 .

c) Ina -- 1



2ina
)2- = 9

= 6

10.

a)

b)

x 2 7

x = 2
x = 4

x = 7
0 3a = r

0.3 logra = 1

10

3 -/

217,

= \2

logra0.3 1 g

Alternately,

128. 87/3
1

= 10

= 9

(3 1/27)/ = 2/3
(0,1),2 = 0.01

y3

1
100 12

300
CO 5.



12.

10 ( 0.01

log27 81 = 4/3

log '011 ( 0. oo8 ) = 3/2

iogi6 f 1/4.

-1

-1

14. The graphs of

15.

respect to the y ax

X =

.the ori7;in.
x

x 2

)

0)

and x

nd.x

and

_-x

are

are s 1etric w

are s: izaetric with respect

identical.
f C9)

,(5')

-512

6



100(0.779)26 77.9

$ 77.90 78

19. 200 = 100 (1 x/100)

x 100 2.

7.2

Rate is abqut perent

.20. 2a-- a

2

1 4-

120
1200]

x 10

Hone

100

Ans et: $ 123

2 2 2P = P

?

100

100

100

to 6
0.100 e

Oerceot. » 7 :Peyce

100 (1:210 128.4



23.1 yr. 23 yr.

11.55 yr.

Since

1ogb a- ao
(loga c (1(te

logy d

220

I.
10 10

Fi,orn Tables



of
6x2 + '5x - 0

g

means

/n(x+1 ) re 1111de-fined.

x x - 1 and x 1/2
intersection

"Zee g
3x-1 3x2 = 27

Hence,,Ilor

the values of 2x-1
x on the interval

are

1

1f he values of
1.
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2

These segments
are supposed to
draw attention to
the fact that, whery
x for 2x is divided
by 3, the correspond-
ing ordinate is 'halved.
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one to one

b) all ma's Yes

2] No

d) l reals. Yes

To find he range in (a) olve . 2X 2 or 2x

qbtaining 24 L__t=
- 1?

In zany ease y (3; Since

''.Hence y - 2

4

at . be real)

A similar discussion mad be mi e for



wti



,
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4ZA- 3

2.53

Line parallel to
graph of

a d tangent to

= 2 at =2.53





F... i. 1 -I-, ,---,, x-1. x-3.
. .

. . ..rr . I/ d 's. an :Integer
-, :.,

._
;

must be an integer.

The ,oly poSsibilitie x 1 = 1 and
that is, x = 2 and x- = O. The!? last value

35: a See graph.
b) Three

.e). Three'

d) POur;. four

x`=

- 1 =
t be
2, y = 2



We take 1:1> a.

An obvious Solution is a

It is not hard --to -show t

229

solution of,

there can be no integral

unless both iare.positive.

Ta4ng logarithms to thS/li.''-

b In a = a in
or _na nb

a -b

On the graph of y = I In x *e are seeking two points with

and with x an Integer in e ch case.the samp-'y

The graph of. y nx rises from- at x = 1

a maximum for, x somewhat less than actually at

= e) and then decreases
e

If there are to be two points

on .the same level one must be to the left of x = Of

the possible integral values- x

immediately leaving only x

know of course that this work

AvTrAA,.. In 2 n
J.1.7L1 -

ybe excluded

or -a.- possible a. W

(V:3



Illustrative Test r.estions

If in. a bacterial experiment there were 500000 bacteria

at '2 noon and 73,2,05 at o the same. day,

how many bacteria were there at

6'p oi the same day,

8 '8:m. ©f the s

If the number of .stem at time t epgiven by the

equation '500,000

(0' the number pre-ent when t =-il

nt ,when t_ =

find

Whieh there are,- 1,250, presen

(161/3 25-4

magnitude, agreei

Using Table 44

b). 2-2'70

(9 (0.125)

Compute

5.55

Using Table 4-2, compute

(1.11)2'4

(0.87)3'5

(0.66)-45°



-2

Given the function and the points

(1.' (301) .B C d D (a+10
3a41A )

on, .the

-Finds

(a) the slope o

(b) the slope of
the .values of a

cp is 9f tiara the
Given the function of

which the slope of

slope of AB,

2x find

) the slope- :or the line through
, ..

Use as an approimatlon.

Using k -.= 0.7, as'an.,apprOximation, compute the slope Of

the tangent to. the graph of f x--.73 (2 X at the points
(0,3) and (4,48)

10. Using Table 4-6a, compute
.(a) e0.32

11.

(b) the slope of the curve x-- e at 0.3
the slope of the ecant through ,(0.3 eC)*

and (0.32, e°* 32)

The, half-life of a radioactive. substance is 4 days.
What fraction of a sample of this substance. has
decomposed after 8 days?

(b) if of a radioactive subs; has decomposed

s half-life
12. If $ 200 amounts to 326 in 7 'years at 7 percent_

compounded monthly, what will. $200 amount t in 14 years

after 3 days,: what

at the .same rate of :interest?
4



:nation is B the
of?

15. ?Expess each of the following in Oxponentiaa fori
(a) log 16 4

(b) log xm-i- log y za .

16. Find x in each'' of the following:
(a logit

(b

logx

.0iven In a = 3 and compute
2a- b (d) r an.

b 2) na
V _rib

( a) (I n b



a
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( d) 42 8 e 216

The expreabions-iiven

(b)-,- (a)

(b) 2-2.70 0

2

2.5)75_.55

(1.11)2'4

(0.87)3.5 ( 1
0.57

-.7

.235

(e) 4- = 49- = 211

increase in the order (d),

1.231 0.14
8

)-5.55 -5.55 216.65

(65,536)(1.569.)

103 000 -

.15)2.4
(1.75

(1.15-)-3-5

0.62

(1.00695)

0.20)-

0.66) - (1.5)4. 20.6)4,5,_ 7 6.54

or 1.53)4.5 (20.,61 4.5 22.75,

)
(1.682)(4) 6.73

1+
7. (a 3=1 (2 b 3- a

(a ) k 0.7 1c.21 1.4 (c ) 2-1 1

-0

.28

x--.3k(2 ) .(a) k 2.1, (b) (4) = 48k

33.6

10. (a) e"32 (1.350)(1.02_0) 1.377

(b) f1 - f Q.3
e0.3

350

0
0.027 1.35
0.02



'114, .(a)

(b)

26 =20O (1 +

2- T

236

326
200

1 . 8
1200

T

X. = 26
200 200-

1 : g x-1 _

(fog) x

(o) g o f- : x

14. f-1 If

x+2

(fog) x.-6x7-2

since the graphoindicatesi 2y-y
< <Therefore f-1 -1is f t 2x-x

15. a) 2 = 16

16.

b) log x 16igay a10g x-y?. z , so, a xy.

log4 1
7 log42

days,

532



2x-

=0

= 0

237

The real mots are x=o -and x=0

in the original equation.

n alb = 2 mna /rib = 11

(e)

mna --: 2 inb
41

= 5 =15

b)(Ina) = 15

, and only v/T

18. 'If loges = y then x and logy

Hence log =
-2g-x

, and g is also
J.A

(g(3))

;48

1xe- f log2x

logo
= (2

1

log-

, end we have

f-1 : x log

(

(d (g
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g6(x+4) + log x = log6 (x

(+)( ) = 61 . 6

x2 7x +'12 = 6
11,

x 4:7x + 6 = 0

(x+6 )(x 1 ) = 0

,= -6 -1

But neither the original logs defined.if

so We have only x = -1

(b) 1ogi (2x +3)(x +1) = 1

2x2+ x +3 = 151 = 15

2x
2
+5x-12 = 0

(2 -3)(x+4) = 0

x -4

We reject the -4 , as above.

20. 22x+ 2x+2__ 3

Divide by 4 = 22

22x
2x

Set y = ;, then y2

2
Y Y

Y
2

= 1

= ±1-

, and

Since y
, we excl de

The only root is then

3
x, = log2 = log2

1
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Chapter 5

CIRCULAR FUNCTIONS

Introduction

As mentioned in the introductionyto this,cop9entary, our

treatment of circular functions assumes that the student hp.s

ready completed a short unit of trigonometry. We assume that

the :student is familiar ith the angle functions and their inter-.

relationships; the simpler identities and equations; the trigo-

nometry of triangles; the elementary facts about complex numbers;

and the use -of tables. We cover some of ties .topics again but

so briefly that we cannot reasonablyeexPect a student to master)

the material: solely from this treatment.

The objective of this chapter is not to study the subject

of trigonometry in all detail. Rather it -is an attempt to give

the student who has just studied polynomial, exponential and

logarithmic functions some familiarity with a completely new

kind of function, one which is periodic. In th process, some

f the ideas involved in elementary trigonometry will become

more meaningful. through viewing them in a new light.

Section_ 571 Circul,ar Motionsand_Per,lodicltv,

The emphasis throughou Is on the peri-dic properties of

the circular functions,"1 the::tine and co ine. In beginning

should emphasize that we shall talk here aboutthe chaptdr:

functions

that they have, the-property of periodicity_

differ from those we have previously studied in
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One good way to visualize a periodic function is in. terms

of the machine developed in Section 1-13. If the function de-
,

picted by the machine is periodic, then when x, x a,

x x na, are dropped into the hopper we obtain the

same,output (f()) in each case. In the next section we speak

t laying rectangles containing one complete period of the

function end to end and you may wish to use the ida, here in

order to illustrate further the meaning.of periodicity.

The use of the v 'and x, y planes which we employ

may be a source of difficulty at first. We wish to talk about

the unit circle with which we define sin ancLcos, but later we

shall need' to display the graphs of y @ sin(x and y = cos x

on an x, y plane. Since we are using N for arc length (to

obtain the famiii sin x and cos x) It would be easy to teach

the student to visualize as both the horizontal axis on the

plane of the unit circle and at the same time as a length

circular arc. We feel that if care is exercired at they time the

trb.nsition is made in Section 5 -2, the use of u and v is more

satisfactory than trying to get x to wear two hats in this

section.

A more exact way of defining sin x -and cos x is by a.
z,4

composition. of two function- one from the set, of real numbers

to the -t f geometric points on the-unit circle and the other
4

from the set of points on the circle to the set of i'eal numbers.

Thus- if x t R and if p is a point on'the unit circle, we

have a function'

: X



and another tune on

o

from which
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g : cos

X--cos X

and similarly'for the-sine. W feel, however, that the way in

,.which we have handled it in the 'teXts. while POSsibly less rigor-
,

ous is certa TaVeasier to teach: d rt adequate for

our,purposes.

The fact that cosine and sitie are

emphasized. You might point,Out'to thce

this section have we used an angle and altholagh we ha

the concept of arc ength; sine and eosin% are'domPletely di-
,

any geometricconaiderationp. They are funct

the set of- real numbers in the same sense 1polynoI

voiced from
4 1.

or exponential function

the studentS feel that

think of K his being the d

'brat the idea that

usua.iii very str

Exercises 5-1

we speak

gl .Some ilge they'

e or radianj'meature of

ave no tion with
:*.

exercises le n the

We lave sicuit

reqUire more 1,nsi ht ian the others

nod omewrk, it shOufd be coy

onskiip is, used in Section 5-4.Section

Probleth 7a

in claS6,,sincei



n -ers to Exercis 571

1. The rotation of'the earth abou

Thephases of the moon. Perio

every 3.0 days.

2 9 ays.
,

The swinging of the pendulum or& ock. For. ,a. grandfather's

clock, the period is usUally.

The oscillation of a piston in =steam engine or internal

combUstion engine. Period de

The alternation of A.C. elect

current, the period is 1

Oscillation of vacuum_ tube

instriumenta

upon speed..!Of engine.

current. For 6o cycle

strings of musical

d) ,x



b)

a)
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sin 2x sin (2x + 2r from. periodicity of sin,
sin 2(,x +,7 ar) and the period is

- sin + 2,r

sin + 4T) and the period is 4v.

cos 4x .= cos 4 + 2v)

cos 4(x +

cos x . cos + 2v

= cos (x + 4v) and the period is

f(x) = f(x + a), g(x) = g(x + a). Given.

d_ the period is

f(x) + g(x) e f(x

(C + f x + a)

.;f + g is periodic with period

f(x) 4 g(x) = f(x + a) g(x +,

+ a)

g(x + a). Addition Axiom.

By definition.
By definition.

Multiplication Axiom.

Definition.:
i g

f(x) = f(x 4- a) Given.

g(x) 6 g(x) if g is defined at x.

g(f(x)) g(f(x + a)) Sub titutiOn.
o f)(x) o + a) By definition of
g o f is periodic with period a.

periodic with period a. Definition

*9. By definition. cos cos x
in : v = sin x, where (u, v), is any

point on the unit circle and x is arc length. If
+ a < x + 2ir, then

(cos (x + a), sin (x + a)) (cos x, sin
the coordinates are unique.

inc
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Graphs of Sine and Cosine

The rectangle device used here can be a very useful one in

teaphing.the student to graph pe_iodi functions, By establish -.

ing the period and amplitude visually it-directs his attention'

a specific area of the plane with respect to both the domain'

and range of-the function.

We use the geometric argument to obtain specific values

the functions, because it Is the simplest and most familiar

tool available to the student. We hope that you will emphasize

the symmetric nature of the unit circle and that the student

will be encourage. to use symmetry considerations whenever

possible.

Exercises 5-2

The exercises deielop some simple symmetric properties of

sink x and cos x, and lead the student into understanding the

effect of the constants in y = a sin (bx c).

b) f(7

(71-)



) = 0; _

;

A

r) 0

5rx ÷ 2nir 213r

3rx

x 0 + 2mr, 7T 2r171-

For all values of x.

See Graphs.

See Graphs.

6. See Graphs.

7. a) The values of the ordinate are multiplied by
b) The period Of the graph i_

The graphiis Shifted to the left by the arhount x

cc

PI

Hence,

sin x =

yin x.

cos(x
7r)

1
PL and p are symmetricand

with respect to the origin
P P(x)-1 v),

P, = P(x -fr = P(x

= co_ x ± r and

n(x + w).
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1-4and-P3 are symmetric with respect to the e v-is.

P, = P(x

P' =

Hence, co - cos x 3 Tr) .pos x-

and sin:x = n(- = sin(- r

4.
Angle and Angle Measure

rghis is probably review material for

level. Formulas ( 1) and (2) are

lationships-and the exercises are routine drill in going. from

one to the other. The paragraph devoted to'the relationship

tudents at this

the standard radian-degree re-

between the angle and the area in its included sector willz:b-e

sin xused. later to evaluate the limit f as x approaches O.

Answers to Exer

a) 1200

b) 30°

c) =1200

a) 7-

e)

r)

5

A 97
t 2 9/4 8r

2_

2

13T

7v

are



Since 100 "uni

since .:=,== 100 "units

r

tuni
11

00. n
adian Units.'

radians; hence 400

5-4 Un Circular n'

This unit should be taught -ith care, since the material

included will be used in Section ' In-Aealing with sinand

cos as-time functions we use ±mot where is the angUlar.

velocity, begause this is the form in which it appears in

MO s cientific applicatiOns. since up to this point we have A

dealt with functions connected with an `ard length you
.

,

.should -pend a little time familiarizing the stu Z1 exit with

The device used in the text to visualize the. behavior of .'

a wave is only one of several which you may wish'to try. Most

currently available trigonometry texts have come such
---

to the proble :,2,0111 should supplement the textual explana-

approach

tion with any

We chose :the

eans you feel ,appropriate.

acoustical example to build upon since the

addition on of pressures is intuitively simple.

-I

Answers Exercises

1. See Graph._

The graph

p-riod

P

since 'co

co t f sin vt is periodic, with

espon=in pvints on the graph are

its anrt when easured along the t-axis.

( Periods of cos 7TNand sin tt same .s
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Vectors. and Rotation's

We chose the.Vedtor a. reach to the addition formulas for

Jk'
two reasons. First, it show

: Sge

these relationships than that 'wh the sent has previously

different rfans of deriving

.encountered. SeCond, -it is an-extremely simple arid etrfitient

means of obtainingthese- relationshi,p-

to be a thorough treatment of vectors, and we confine our-4atten-
1

tion to vectors of 1, n since this is sufficient,for oar

do not intend this.

purpoSe.
4;.

We anticipate that the use ofithelop rator notation

Rx x!
R U). etc. , will have to Doe e 1?ained very carefully since

it is something which,mest ot.'the students will never have en-
&

coubtertd before) You should do a lot of blackboard ,work here;,

6,

giving a vartety of slmplg manip lative illustrations. _ROtate_

vectors in b-th direotions; illustrate rotations followed by

rotatiAns; show tle.rAdtions of the components; of.the vector as
-4

th6 vtor rotates, eke :Ore-hot the ideas invorved

and the symbolgism expressing the ideas are clear.
4

Exere

You may wish:to devise additional drill exercises in the
4

use ,of.rotation. Exercises 1, 2, 3 and 4 are cases in point
)

SUCIT problems'are easy to :make up.:-





Rit member: 1

ince x and are real meter, .-k+.xt;
i

)

-it Poll -- that the:liftlemem er equ the right. Member,'
t

.GepmetricallY''tilp-r*Suleps: hat a r t at_ -thr

.,

arc .x followed by ,a.roatioh- trim u hAr xl. i equiva-.
. k

lent to a rotation through erc,- liow'at by otation

-through are

7. -Alternate solution.

20 '

A (u)

Rx(U) by the re:



Additioh Formulas for Sine and Cosine-

The derivation of cos (x + xi) = and sin + is usually

accomplished either by geometric considerations in the first

quadrant (which then involve a great deal of work geherali e

or loy use of the distance formula. As remarked before, we

feel the vector approa_ to be neWand instructive and,

,essence, simpler than either of the afore entioned. W nclude

the page on the relation to complec numbe

other fans of deriving them.

to show still-ah-
,9



Exercises 5-6 1

The exercises are,. general denities; appli aUons of

the sum and difference fr las. may wish to illustrate

few sampies.on the and before

work the:exercises Exercises

,in g the students to

5 and 6 are important

since the tangent function appears-here for the first ti

and-some of its are investigatech. You should be
.

.

sure to Cover these-exercises at some

#

Answers' to Exercises 5-fi

IVcos( - x) = cos

point in the work.

ft 0 A- sin x

= s n x

sin cos x - co sin x

= cos
71-

cos X +
77-N = cos x cos sin x sin

cos

47

0 - sin x

sin xC

in X cos + cos, x, -sin 7T

= 0 +

= cos X*
= cos V cos x + si

-I) cos x
- cos x

7T sin x



co(74

Hence, sin

2. sin (

= cos -T C x 7invsnx
/7 x sin x).

. cos (7
.

x

[x + (-

in x cos (-x cos x sin 7x

in x cos x' - cod .x sin x'

Fort ul ): cos 7 x') = COS X cos Xr ± sin. x

TO deriVe. (6): cos x x') cos [x

yin

To simplify cos

= cos x cos(-

cos, x cos

sin x sin(-

.n x sin xt

x') = cos [-ff x xi) ] , from

= cps [(7

= CDS - x) cos Xt

t: sin - x) sirs

in ( x), use Exerci e la.



Hence, co xYcos x' + sin

becomes :s n,x cos xt:+ cos x' xl

Therefore, sin (x +..x sin -.x cos xl.+

To-derive (;id) use'; Ubtobtained:

sin sin [x +

= sin x cos + cos x sin

. sin x cos xi - cot.xsin xl.

-xf)

s y
tan

in x
kx rcos x

TO prOve that tan isooe

that. tan(x + ir = tan

From the definition, tan

+

edit with!period r, we must prove

sin
Now tan (

co a

tut, the denominato o'f this ;action in zero+ the pre

- sin x
cos x

tan x

from Exer-
cise 72, Oa

the values of tan(+

tan

2nt) lire. undefined.

Pin x cos xi + cos x sin xf
posx cos xl _inx sin )c

ator and denoMinator by cos x cos x'



sin x. cod Xt cos X xi
COS X COS X COB X OOS X
cos x ,cos s jc sin ,

C cos. x f cos X cos -xt

ari
1 + tan

tan .x

cos .x v 6os- X + X

sin x
cos X an x

1. x.cos x X

2 in x .cos

x 'cos
2s-in x

X X.
tan x tan x
1 - tan x tan x
2, tan x

21 - tan x



n X c©8 x in

cos 2x - n

Let

qs y

tan
sin

Note :\ %The result g ven is
correct n tan and

cos
n agree in sign in .-si

all ` iur quadrants.



1 nt t d. Mul iply tie,'

Rx [acs x-+ n

as x +- sin X

ROtation ,r /2 i equivalent to rnultiplic a on' by

in x + i co 7 i[d 4 7 in-x
(.-

sin x . cos x --- - sin x +' d cos -x'

R V) (cos x"4- 1' sin xx
_

(cos x +,1 sir!
x + 1 cos

cos x, V.



On and Use Of-Tables_ Circular Functio

material 10 1allgel5i

you will pr b,ly'not wish to spend much tine on, it# The

-1 fradtions of will be new to the s 1,dent,

we do-any-other table and

olded because the values of x are given

'Irk hat they are not symmetrical about

0.785. For eXample,

coo 0.160 . - ©.6C

irrational, and
rradian measure,4 7

to-use an irrational intervals .tas

to get a,symmetric table.

cos 0.60 in(1. -'57 60)

.2.,sin 41.97,

From he tab,' cos.,Q.60 0.8253

TO be able to fold. the table, the values

and sin 0.97 would have V, be the same.

sin 0.73 0.6669, cos 0,Z3 0.7 52

,1

Since, we a e using

hence we'would have

11 )done in Tabl

d sin 0.9

sin(- 5.17 in 5.17 271-)

in 1.11"

0189571

cos 17 /cos 1.11 2--; 0'1007'

Thin 1.55 0.9998, cog 1.55 21 0

0.249.

cos 0.60

r



sin. 6. 7 6: )

sin 6..69

0,9r3L.

ci 0:,5403, )(A% 1;60-
: .:Hereafter we- use = for

sin 3 1 ,= 0.468

sin: 0 7.9 0.94)6,-

..sin 0..62 .027,

sin 0.71 0.898,.

s O.

cos 0 71'(

sin t x0.827,
b) cos t

inwt = 0,475;
-cos 795.i

_sin 45° =

sin 737 = 0.9563,

sin 36..2° =0.5906,
Sin 81.5 °` 0.9890,

O Sin x -= 0.629

-cos 0.991
I

in x '=_ 0.621.

F.

t=-0. 2
0 2 8

t

cos x = 0.894

x

x 7.5°.

-38.4°

x 6.5°

= 0.425

cos 4

cos 73° G.2924

cgs 38 = 0.6069

d 0 e -8 1 . 5° = 0.1478



roses -7b

1. sin 1.73 sin(-ir 1.73)

sin(-

264

0,9871:: (TaPlg

a, = _cos . dos C%

T bl 11

7) c. Sin

4. sin .37

'cos 2.8v

CO

cos 3.71.

,sin 135

dos 135,-

sin 74 0.918 (Table

os (2.8v 2v) .icos 0. v - cos (v - 0.8r)

cos 0. = - cos 0 4 - 0.809 (Table 11

2 -,1.8r cos 0.24r .6.4809 rorg 5

clOs 3.71- 57 = 0.8419 (Table

( O° 135°) . 45 - 0.7071 (Table 11

cos(180° 135 ) - cos 45° - 0.7071

Table

sin 327° -.sin

327°) . cos(

360° - 327°) i i 0;54116

(Table

60° - '027°) = cos 33 @ 0.83_7 (Tabl

cos 12 4v 12--c-a(12.4v 1270. . cos (3'.- = c6s 0 8(77-)

= 0.309 able I

113. sin 12.4

* 14. os (sin

1. si

311-

-.sin
0

n 0.6(71)) a coS 0.809 (Table\ II)

= 0.6902 (Table 1)

p.15g3 (T=

sin 0.6442 0. 0 (Table 1)

_1

II)

ter

5 ,Prequency, plitude and Phase

We chose cos as our standar wave-because its fi

.\--.-occurs at 0. Since we'aresing peaks to discuss

serves better than sin which peaks first at f/2,

phase, c

By (using



which have a You may

Or aea ,boy e f.. t i the class the
fee .'and stiow

.

a ead in the -sen that -,0 e

he prob loc g e z'
a

0 rep sents

Answers,

IX Equation (k) =' 3 cos 4 'tin tt
------, 5 cos. ( rt - 0.927)

w±'1 reach a m nium when 7r4 - k. 927 =4

Thiel agrees with dat shown .4 in ure 514e
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nits04 = 7 4,, A cosoc =

0', is in IV ana.

Answer: y 5 cos 71t - 5.357

Y

=

4 sin. rt 3 co6

in =

An

1.n I and

5 cos

rt +4/ ads .nit
.3sin Cos

0.927 5.357

cos 421% v -

7r + 0.927 .069

- 4.069)

ak is in I and ok 0.644

Answer: y 5 Cos( 7rt a. 644)

y = 3 sin tit, - 4 cos rt
4

0.644 ------ 2.498

Answer: y = COS 98.)



AlthOugh.the directions in. this pr -b ido,not aslc-f r tho,
, .

Values olt' t at which the ma.xlmh and Mittma occur- they

ese solttions in .case the questionhahe b el# uded in

arises
4

cos = rA 0.610.

5 c s'(2t - o..
44y

-occurs when cos(2t = 0.644

t = 0.322. Minimum value

Hence, 3 sirr..t + cos 2t

Maximum` value of

or 2t -40.644
Q.

5 occurs when cos 2t 04644) = 1, of-

of

2rL' 0.644 =- r t
*

1.893. The period

Hence, maximum values occur at t 0.322.+ nv, and-.

minimum values .at t 1.893 + nv.

sin 0( =,

9 .2.553:
0

,

j cos 3t 13 co.(3t - 2.553

The; period -7 Maximum values o Va7 occur whell

.
.

2v

4.- 2.553 = 0 + 2nir, t 85L . Minimum values

ofv-- VT7 occur) when 3 2.553--. '-F NV,

t=4-1.8984-

A.
r -

Hence, 2 sin 3t



s in -ot

Hence, sint + cos( trT cos

The .per'iod k Maximum values of occur

7rt + 4nr

A cps(_ 0%) + B coe

A cosw t coS-d.+ A sin. sin c4 + B cos cos/9

+ B sin sin

A cos el + B cos /9 ) cos

S

B sin sin

A sin (7( + B sin

Since A, B,

and coS
.

and are real numbers, it follows that C

and are real numbers.

a) From the solution in -he text

0.927 ,
M

1 .2rf.
Tr

t 0.295 +

value of t is
3 cos Tr t ± 4 sin t 5

5 c.as(irt - 0.927) 5'

COS -927)

2n. The smallest positive
0.295 + 0.333 = 0.628

6This is satisfied when the argume;it of the cosine
0 + Therefore, vt - 0.927 . 4- 2n7r,

027or . 9
+ an ,------ 0 5 + an.r



The smallest positive vslu

sin 2t---oo 2--7 1

cos

cos(2t

This Is satisfied when
+ + 2nr,. Therefore,
t

3Tr nr.

is

The

4 cos .irt sin rt. 0
5 cos Oft - 5.640 0

cos(rt - 5.640 ) = 0.

the argurnen

3r2t

smallest p6

he cosind,is
or

e ',value of

T is satisfied when th3 argument o *the osine isN
2n7r. Therefore, 7rt 5.640 2tnr

5,61o. 1or 1 2n, .795.+ 5 ± 2n.
The Smallest positive value of t- is t 1.795 + 0.5

0.295.
4 CO 3 Tit + 3 sill in m 1
5 cos(rt 4).644) = 1
co (Tr 0.544) 0.2

1This is Satisfied when the argument of the cosine
approximately .1.369 747 air_ (from Table
Therefore,- 7rt r 6.644 1.369 2n7r,

0.64- 1.369
+ 2n. The smallest positive value

of t is
rf,

0.231 + 1.769



positive and B 1p.nega

Then y = [- cos(mit ) j = A cos

If ON( ir, take,. ,1 +

If < < 2v, take.

If is negative; set
Then y. dB cos cos

B cos[ wt - (27r ) ]

B cos( - 4
Proceed as in 1 and 2.

Identities. Tan e

Exeises 979al& .

The identities deal

4

+ fl

th here are b ewhat more difficult

than ea 4r,OneS. It may be cessary for_you to work a few

a ditione-exaraples. on the lackboard to help get he students

started.



Soiut.ions

y -m7co-ax-Tcogy

y)- cos x cos : y

x cos(x

cps y Loos

cos

sin. x sin
sin(x + y) = sin x`' -co, y- + s-x sin y

y) = sin x cot y cciamx

sin + y) x 7) 2.sirri x cos y.
sin x cos y = sin x + y) + sin(x y)

.cos mok cos nok = Oa( cos

Y

min rnqc sin .noc 7[cos n c4 -cos + n 1.

sin mot cos .n = 7(sin + n )« + sin
sib + sin(3 2 sin cos

Replace by -(3 and sin( i by Tsinp

4. In (5), le
cos ok

sin
1

2 sin 13( 2_(3 cos

x and. f - x. Then

cos,(3 cos. - sin x
sin sin
sin

sin .(./-

sin(,. _ sin cos cos 7 sinIT

V v v i
1) ( 7) )() 4





5 . 1)) 0 0 d

%"4 6'

P714

ki 5

V2 I V0 V
.(n)

4

Ii Aj

17-7

v3

A

7A,

L'A

)i

A-J 11, 4--

A)

5



2 I,tan

I1 4'C

275

n2 2 1 cos&-
cos- 60/2 I t- cos e

sine
2(1 s cos e )

+ LIC'
LiLI -

1 t COS)

444 , °'

t az, o 4111

447

4'

coo 114 eidS
+ cos e

4,- I I 4.. A A A 1 ,

lc el 10 .I
M.ILI Ii..

I he a,.

k Lc 4.1 t "AA

'

2 t 9

44 14, 4.4

1

, ca

. A I
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276

6
cos 9

.

_
-2

I f tan 1
+

J)
,

bill S

5 k C

Li

1 4- cu

j C.

LOS c,-(

2
t 0 0

tin 1 4 C3

IF 0
. L .,

Ca I .1 ,; 4 .

fl CO S C.t

4J I It

Sin.C44 COS C-44
A A

sin

c: A



Ic 

(-) TiT C-1 7' 

" T 

T-9 f, TT, g c 

lc 1, T1 ) - 

(17 v TIT 0: 

T,T1 

T '7 

T-T 

-SP- 

So" 17 

a 

+ cl S 

1 

fze-ln "(1, 4 r 

' =9 

rv,) 

0 
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1

97 e) Hence n t-( 3 sin e.

*Au 3x I sin x ..2 61a 2x

Ope

ILy (6) j

Hepce sin x 4 sin 2x 4 '11-1 3x 61,, 1 + 006
. sin x

+ 4 cos X c:us _L& f III A
6/ tan x sfnx cos inx -'s x

cos

A

x - 2 sin x cos x ccsd x

c_211. cW., A

sib x cos x

LI,(L1 Lail6e14L tO graplA

we LL me ame ideas weic me same -ymbollsm he ab we

1 2. I t s;

1



4:11/4,11c1.- a.D

111

alo

aca

lt,

1.1

Za

t
I

k

-,Jte-ALL

)

1 ,Ai

11 1.1 d. 6

.14

t

h)



- sin z
co/ z,

_-

s in Exe else 1,
.11-1 w -

and = -z

SiL4
x

11

AL., C = #4- h

w. I

X <
cos

Sillee

in n

a s k it
mew.

PI-

.lam k

4

2

x
0

ILI

x,

6

Lk .Z

LA

COS Z

,lit



ii



27 -271-

The co.blne Lo-L-Tu6;
,

(In

The t1(...L1

)

L G. c. L t

it

t

1 t A

4 Ati: A,nt

L.

.(A)

Lei-ms b 91i4 LA

1 j 1.1.

11

1, a § Li:, I

11 1

t a

,,hr
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1

,

0

Range 0 < Y

1



5 -I-1 tan-1
F X

284

k

j 1 x



7. sin x cas x = o

b)

I

:3 A

COs x

eq n

lin

285

I I;
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2 tari x 4- 3

2 1.,,a112 A. t

2
,-4

= 2 -

(x 0 and 4 rin

U

= tan x
3 tan

(2 tan x I) ( tan x. 4 2) - 0 ,

tan x = w ur ,tai .7., _ -

0 it ci t lin A 1 1 i

tyj c_L 18. ILA X

- ti -- iIi , A

-rj Li A

sin

LI

I
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!sin (1r x) a sin xl v Jsin Xl. -Periodic with

period. v.

b) [x + 1] =-[x] + 1 we have,-

f(x + 1) 1 1],= x Lx], -

= x Ex] = f(x) .pqribd with period 1.'

y =x. sin x. not periodic

y = sin X,
,

Bin r + [ sin x

y sin x2 not pqriodic

sin x + 2 cos X
Y 2 X.+ doe

sin x = or tan x = - and therefore. a

This'is not defined if

x.

eriod

x = tan-1 + fined fer all other values of

f(x + sin (x +r) + cosix + - sin 2 cos x

sin(x + cos (x + r) - 2 sin ,x 7 cos x

sih x 2 cos x
f(x) . Therese+ cos A

periodic- With period r if the domain is restricted.

y = sin x + (sin- xi

sin x is periodic with period 2r

sin xl is periodic with period r
4

The sum is periodic with period lc 27 Tr or 2T

y = sin x + sin (ax)

_sin is periodic with period 27

sin Ix is periodic witheriod

But there is` no lcm of two incommenserable Niumb'ers

therefore no period for the function.



87rIqu radians

r 1
0 radians

radians

= kr

= 2r kr, or r

Area,.

y = 2 sin 3x

k

-iod amplitude 2 range [ '2].



y = - 3 sin. 27x
period

7

AMplitude 3

cogN: 7
2period -T- = kr

Amplitude 2

Range [- 2, 21
N

Amplitude 3

Range [- 3

in 2x cos

=[2 sin 2x +
1

7-y =:'2( in 2x cos E

.

2. in(2x_+

2rperiod = = r

Amplitude = 2

Range [- 2, 2]

NMEMNIMMIIMMEM
MOIMMMEMMOOMMM
NMEMMWAMMIIMMM
MMIMMEMEMMERM
MMEMMEMMEMEMM
MMUMOMMEMMUMM
MWOMMEMMIAMMI
IMMEMMIIMMEMMO

ansform the-function-first-

ERIMMEM UNU 11111
MEMEMOMMEMMOMMEN
MMEMMEMMUMMEMMEM
WARMENMEMNIMMEM
MIMMEMEMMIIMEMMEN
MMEM3MMEMMINIMMEM
MMEMMEMMEMSEMMEM
MNIMMOMMEENOMMEMM

9ensform the function firs

cos 2x] 'but 7sin E = cos 7 7

cos 2x s

MMEGINWIMMEMEM II M
MEMEMEMENOMMEMM
MMEMMEMMINUMMINNEM
MOIMMEMMIAMMOMEMEM
IMEMMIMMEMEMEMMEN
EMOMMINEMMINNIMM
MEMEMMEMMOMEM IN
MEMMINIMMIIMMEM ME



We car] use A =

:= 3 sin(2vx

,B. 7r

or A B 2v, C 0

= sin

in 500t + ) t ' t t_ ...

Vi :6 (i1C-7)-(1Tr9 2 . 10-
co8 500t

2v 250 I
a) pe io frequency00 - r

,

b) Q = 0 if cos 500t = 0
Phis is zero for the first time at t

1e) Q = .546 if cos 500t = .5 '; 500t = or ti- 1;00

5% for second _ti e 500t = 57r or t v00

1 ir r
= 7517 1000

U

11. tan cos x - cos 2x
sin 2- - sin x

cos 2x - cos x
siri2x - sin x
- 2 sin 2x + x sin x)

2 cos 2x + x sin 7 x)

3xtan



Sket4h Igraph or 1

n 3

= 008 CO 3 X

MN II
NM

R

AlliMMINEMill
NCSIEI/PPArin _vPPatialkI

AIMPPMATIENIMISSM
N

fAMZEREIIM1121611 MI
MiliMEMENELIIMINIIIIMEMMv

11101111M5
MIIMIMWO
MO M
Ea MEP
1111MMIIPin



x

< :..2 since n 0 I <

..14, Find f(x + y). in term. of x) and f(71.

given that (Hint: Find- x

iri to 3 of f(y))

2-
X

I

2x1+

in terms of (4 and y

An +

Answer: f(x)f(y

AnsWer: .1ag(10f 10 (y))

15. in x > Q. Implies x in.I Quadrant.

Since sin x cos x <-0 and sin *Ix x 0

and in II-or-III. Hence x i in ,T

cos 0 x in II er III, sin- cos x >,0 which

first means sin x < 0 or x in III or IV.

Hence x is in III.
x 100 100 (15.9 )am Therefore x is in IV.



a A) F C sin has,nosolution.

Froofl-khere could be no sOluti9n in quadrants II or. In-;

since the left member would be negative and the right

member, would be popitiVe (if ,e =pin x we have
.44

-< 1. sojthat e.is in either quadrant I or. Iv.)

If IVthere-is a quadrant solution:We may set x -z.quadrant

thpre

no. IV quadrant solution unleps there is a I quadrant

!then, If there is a,i quadrant-solution

sin cosy sin 7 sin x) and sin x cos x'.

x gg, x = Trg7

this is iMpossible since

y . sin x

[Alpo (h) ]

3.14
2a >

But

11110111.111E111 EM.
111111MMENIMMEMEIMMII
IffilliSMIIMEINNIEM1111111
IIIIIIIIINTEME/M11112111111

1111113NIMMEN.111011111
NE11111MNSBEEMEMEIMME

y =.l cos x = sin2 x.

[Also ( f)

y .I sin xl
[Also IMAM=

EMMEN
1111ENSMErda
MENEM

ME

1 :3 0

Ern

WU Mr



in2

6

n: X SO

11111=11111111111111111011111111

NEMESENIM1210111111
EFAVILWrAMENTIMIEWEN

0111111MMIVAINIWAM
ESIEVEMENSEEMIN

Same

- Cos X

2in x [see (d)]

sin cos sin x

!sin cos S

yin x

sin x

- 2 sin2 x. 2in x

wiwzsooti.
mmon

ilmisrAnansterassium

[See (1)]
x'.

sin' x x-sin 7
2r

kr

y 2 sit 2'cos sin x cos
cos x 2

sin '0<x r
3r < x 47r.,xir- sin x,

(sin

Q) y2 = 4 sing

cos SI a 1s-in x-1,:[See
x 2 x (d)



Illustrative Test

Determine-whether eadh'ofthe
.

-and- if:000-find the fundamental period

following :funs

= 1: cos

(b) y sin 3

Given'that'f X

1
2

p6riod_

and given that f

( b )

(c)

With fundanenta

(2) 5, and f-(q'r) = 3 -find,

Sketch two complete periods Of the graph of y = sin 3.K.

-Change. from-radians-todegrees:-

(a)'

2
15

Change from degrees to- radians.:.

(a) 165°

(b)
2°

I'

What, is the radiu o a circle in which asector of area 6 has

a perimeter 10?

(two solution

Sketch-the graph of y e sin ,11(

period, indicating

amplitude,

Express 2 y in

cps X over a complete

the fundamental period and the

of sinx'.. cos X , co Y



298

ExPxes.s the following in the form

-sin (x

) - cos

sin x .or co

) ,s1.11 (-

(u) cos (x
Show that

sin x + sin x (sin X

-holds for all real values o
11. Given sin 27° . 0.4540 and sin

to find
(a) in 27.4°
b) the angle between 27 and 28 whose sine i 0,4864:

CO X + COS x)
(co xrCOSXs

4695, interpolate

Given the function x - 3 sin (2x + find the points
on the graph with emallest positive x fn which
(a) the function has the value zero
(b) the Ifunction has a maximum value-

(-e) the function has a minimum value .

*13. If a, b, e are btinstants, find A' and B such that

sin x A din (x + a) B s in (x b)

all, alues of (You may assume that

s-in1 Find (a) the imit -Irxof as x
x

appro

the &lope of. -y m Leox at
1 tvalua sin.-1 )

holds fo_

and

sin ))



onsider the function

Find an algebraic Oxpression for

at is the, range of

have inverse ?

Hs---Find the values! of In - the-intery lr hick_

satisfy



Answers Illustrative Test adore !;

2 x

ence 2 x d

sin 3x cps 3x 6x

,f(tr

he period,- is

n (6x + 2)
4
the period i

EEMEIMMIIINEEIEEMINEE EllMillEMEIMEEEEIEEEE111

ii
IME111111EM ME EaEMEEEEMI
MITINEME Eff.
MEITIEEEIM NMiii ESEMEEEE _ iii iiiEN 102111EIEE EWE=

0

(b

r 180 ..105°r
leo° 24°
.7 T

7 t. 11.r.

I the,
1 2

r =

25r -

0

4

r and the a

2r + s 10; 1

3

-hen

2

r + 1) (1 ,6r + 6) = 0
-The-negative result is=mpaniingle

then- -4- -.21(T:i

1 27 then s = 4 + 2 13



siri x s 2 n or all

sin. sin ,Dc cos + c-os x sin 2y
sin x (cosy S'in2y). + ens
sin X o

r X 1-.2 sin
co X

sin
sins x

(d) :0 X

10. (sin sin 2x) sin 2

cos ,2xY( cos 2x - cos

in x cos y,
X stn y,.+ sin -x cps ,x cos y. .tr

y + 2 si,x, cash

(sin x + n 2 n x - 2 sin x dos x

(sin x + Sin 2 - sin ak
_2sin x - in
-

cost 2x - cos

2x

cos 2x + cos (cos 2x tr cos



11. sin

sin

280

27°

=

=

0.4695

0.4540

o.o155

6111

Lio6Lf

0124'

If

6

II

.4

Do62o
4514c)

.46o2

UI

L

7

302

=0153



12. x

Ankwer:

13. if x = a,

sdn(e

we have

A ein 0

if a - Q, we haVc

d
sin

) =
Ili

-A..

k )

!±

h., 1.

at' v .

y

-3

J3



Since sln(y

tion to cos

QuO

Tr

7

3014

cos y, we can tvansform

x cos(i

7
Uolt46 QL1 Pa6c .3?(),

5-A- e +

)

0

571

U,

I 1 41../44

,

TS
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teactler--#nd
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Appendices

cou.roe, all c,.er

icuL'

b. bu ,1,1 Lt.,444

aVol'atLe Ciacto It lo wise

1,;11 1e1,e11,A EJ

Ly

owed" 111 Lhese ANa111ple., ale dellue1 ..1

,16ht,

-

eVen LAataple II,

AI a L, A 1

A A, A.,

.IA

A 1 4

I

L.1

L

ca UcluW

1,/d1A,,LI,A4 (a.

It

1. 1 oc..; -, AO 1 a 1 I,

1 I 11 A A 1

a1 i a I'd

L110 eq,,C66L1 1 ialdp 6. .L

a
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Solutions_ to Exerci_see on Mathematical induction

1. (First principle).

Initial Step: For t 1) -

then

Sequential Step: If the

1.111...1CA

114.

1 f 2
result i 4:4 true rui

it 1)
2

411 1.

2
1/41,

I

11 tie tVo

1 ,
2

P

r



'2b. (First P nciple)

Step: For n = 1

provided r

r

307

a

(point out Lu Lht eland L4a4 LIAc oUni

t valid wben ® 1.)

OelloLe

terms by 6, IC 10110 bUI G

,l

claw

4.4

t

K

I

ula

LIAc. cIVOU
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(First Principle
Initial Step= 2.1 =
Se uentiSte Let us a

n = k, that 18

L121 y1n6 by 2 We lave
h I

01. Li 1,1.4C,1

L,..1 1

k I 1. 14,

,

1

c 1,A, )

/1" 1,,k4l'in,

I I

gall

c.

to Lhe Li.utiA of the GI 16 1'

r

I



6. (First Principle)

309

Initial Stei: 'or n = 1 the .veiatlua

S. plainly_sat sfied.

Sequential 9tep:

Let Sn denote

Lnuureth

(41

LA,

au 1.1a,L

,

IL I

-

L11 oe E. u calm aIc

,

-
k

I

A.

- ri St LA 2eQ 10,L t.froint t,

A

,,E

4. 1, 1, k LA

Jr,

A - I

lir L
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other words

k + 1 at

where a and b are natural numbers. From have b 4- K

and from a * k + 1 we have b + 1. It follows for both that

1<a, t k. Clearly, then a, b ave either prime or factorable luto

primes and the desired fact _1- tiOn Qr k i 1 is tabLalued try Lulu-

ih6 Lhelr l,rJdUeL

7b. (SeoA..nd 131-111capi

LI-11 tlal step I n

94-iLLIL111 Stela Jripp:

or equal to k t1, , t Lhe

there

6

than

lA

1,114 L,A

1 illtAAALACL

a 44a 1.44 4 4..1 41%44441,cA

"Liut

tI

k sALA 1

lAkAAAW U1 I

for' all kAd

- dLJ,.Y,S2 t 1

A AUXII

f...1 LI ha 1, r 1 CA 1 ,1

f

`A

A

J' IAA I..; L, 1 -a

A A
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(First Principle)

The student shpuld be expected to compile a table for a few

Values of the s S to n terms:

S-1 12

+
2 2.3

j

I 374 3711 7

3 lb 4

5

AL LIAlo L

IlypOLlico1z 01../A1/11b1111-1E,,

aypOLIAcdib. V-1

Uhe blued ocil n oaLl__

1.10 !I,A1

induoLi-11.

14111 111AI.ALG10 u L1,e -0

Ic

is )

LI



2

the student has worked through this problem syste_

cally, you may wish to point out d quick proof' using the

The only rc ble

1_
+-11 is

(1 1)2 3 n

is that Lilo student maY,_

that proof by waLholl al luau,

9. (First, Pr 111,.1,pie)

a1L atua"KID

observe on ta ulat,

_ .

n+1

few values o _

I

ni trrt

tha L



Proof:

tep:

1 is sa
Sequential Step:

0 iap 1

LI A 0 bAm 5n 1146

b.6.1 tili

1411 /111 I. 1/ I

laarly

v

be hesis is L

'k I- 1

k 1

1 =Sk

4
A I

LZL

_AapL

LlAa

I



You might. reMatrk as an interesting sidelight that this

result also demonstratehat the produc

natural numbers is divlsible by

11. (Firat'Frinciple)

Let Ak be the assert4o

...,-Pk+2 that

Lriitta.1

4Ll

inequality.

I I,. k 1

any_ k

consecutive

,( d L
1, 1,, a a A

00.01,a1A1 1Y L i U j 111(.te b1-41NE

if Ak

A..

1. )

k

11 1 Lao A

(L
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Let

315

(I

1 2k 3

= (k 1)2 (2k +3)

= (k2 2k 1) (2k 4- 3)

k-2 -I- 4k 4

(k
)

.i.44 L4,

that Un A a 01.101w polynomial i. n. It 15 -a y

1.-1 A

V

I J. t

11

W



-4, 4



dtwe-obserm

correct in that case.

-3l

hatheresultlia eet!21
Next we assume the result is true for all

natural nUmbers less then or-'eq1 to k. We OaVe

Uk41 Uk (k I) 't(k +.1 +5] k61k.

t
k 1

==. ( + 1 5(k

+k + 6

k 2).

1- follows from tlitfirst principle

Proceeding'iofie more, step we have-

Wk+i- Vk41 7 17'k 2krk

.Uk -1.. s divisib -6 b:

([1c2+ k 2 ] - ((k-1)2 k-1

it 011oW6 that

k

Ule+1 2Uk

'Hence, since Uk and. Uk..1 are. divisible by 6 46

it is good, to point out to be'student t]

Ak
C9MPlete at th4;,,point since,ttle argument g froth k to + 1

e thy. Uk_i is

the proof is,not.

must be valid for all k.

for 7 1, since Up is undefined (Un is defined only for natural

in this caap equation (1) is meaningless

rum er n). There are two ways to :surmount this difficulty.

a. Simply ektend the interpretation of the formula for Un
r, 4

!ti

so .that. Up' .7 O.

Ubeful.'

The method of backward extension is oft6n quite



he ktr.th assertion be both Uk and -Uk lare
b 6 rat1? e4 than just UI* prove the general result

it,then.beicomed necessary to establish bo h U1, = 6 and U2 -= 63 as
pecie cases eie initial step. (Thii method is quite general.
ote that it is atmilarfitola proof of the second principle by the

et 6r;'which the 'methods' of Proof atie diverae.
Most Aisua ly the _student Will.'probably: discoVer that:tl-e

ion .beginning at the-leader,.are in arithmetic progres
payments

going around'"

the eircre and returning the leader again. He will then realize.
that all payments' must be equal. Here iS another approach.

t us suppose -there' -care n pirates in. addition ,to the leader..
We .assume n > 1; otherwise the result s obvious. Let P' be -'the

Pn be the:amount; of payment to the leader and let P1 P22* *

he other pirates going to the right from the leader
we Icnow that each pirate:'around: the circle.

receives ape fit -equal the average of the two men on his right',
nd le It ollows that for 1... k n.- 1 we have

Except for the leader,

(1)
an for k
(2) 1T

n =1 PO.

pol.wi Pk-1 + Pk+1 (k 1,
a

'We consider three cases that P1 is equal
than Po.

a. SupPosea 0- Then from
p + P0 2

n

greater less
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we have

P00

Now i it is true that we have, ollow g: he sane line

of argument, that

and, therefore,

Pki-1

PktI .7 Pk

It follows by the econd principle (if for all natural numbers

Pk_

less than

Pk+1
=.P7

Pk7

or eqUal to k the yalues of Pk are all equal: toi u `then

that, in so far as formula (1) holds- all values of

In other words

or k =

or'ors k = n' it follows from (). that:
PO= Po*

see then that if the man on the leader's right gets -he same

amount as 'the leadex

we nave.

so does everyone

Suppose Pi <, Po. Then from

Pi s. PO
- 2

else.

P2 := 2P1 = Pi +

Pi + _PO -- PO Pi

< PO

--Po

AssuMin that P .13 <13
0
for allna ural numbers

-j 1

j k We see by applying the same argument to

Pk+I'' 2Pk Pk-1

j such that
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< !a,

a contradic ion. We conclude

receive_less than the leader.

P1 > Po.

he man on the right car

an'argumenat exactly parallel to

it can be shown that this is not possible.-
,

may only be divided into equal part

*15. (First'Principle)

wesee t

First we begin with the proof -hat pn and -qn are relatively
,

prime, that is, pn,and-qn have no common factor greater than one.

Initial Step-: The assertion is true eor n 4 1.
Fk

Sequential Step; Suppose the assertion is true for a,
prove it-true for +1

clk+1

Pki=1;7 P

lk+1 Pk+1,-

we obtain

From

P

qk = Pk+1

It follows at once that any

common _actor of pk and q

of Pk+1 and

qk+1

k

common factor of Pk+1 an +1 a

Since 1 is the greatest oITIlTton divisor



he rest of' the' question. we define

at the 'n-th tage of approximation a

1 - 1/5) ek

.

In order to simplify the work we multiply the numerator and deno

nator by 1, 2 to obtain

(1) k+1 ( %/ A- 1)2 + ek(

From this res It we shall obtain all we need. Two, thing- are clear

fro

'Ono

ek is small enough it will have little effect in the

he denominator will.bApositive .even greater than

one and will -have opposite sign from ek.

First we observe that lei' 11 21 < 1. If lek 1 < 1 we

shoW that lek+11 < 1. In order

denominator Dkid in (1) that

prove this we observe for the

Dk+1 [( + 1)2 -I- ek(,./F+ 1 )j = -I- 1) [ ± 1 ek ]

= ( v/T + 1) + 1 + ek)



vePproVed'by mathematical.induc ion that -I_

natural( 'numbers n -but, we have proved -more. Since the denominator

-13/1,1 is positivejt follows immediately from 1 t the error

alternates in sign, `since en+1:.,. -en/Dntl*- We iavp now only to
-

proe -. hp,,error-can be made as small as deS__ d. In facts
t

al Ste

SeqUential Step:
L

From

then

17

above we have proved Dh

lek+11 <

2 2 2 for an n

With this result, the proof is complete.



;

Oirst and Second 13rinci-1514S)

.1n solving. this problem, '*d..iii-tr14Y:othe thematleal problems

it pays- to turn things around :. kinking of q y as the

Y :think of p.(n) as the-Pf P()+

difference

13(n)1.0.1'+'1,/ 741(n

This ion suggests -a contrei.Sei-to the-theorem we wish to prove;
. ,

namely, that 1.1-1 is a polynorni4I,:of. degkee m + 1 then `there is a

polynomial of degree .m for it4hi'ch- (a),diOldS. We have, already made

use of this theorem in the'solutiOn'to*:xercise 13,
. ,

With, this idtla in mind," Wo,are led to the foiloWing attack on

the Original problem:

the sithplest ono,

1:,:dke-d::04.ynothialHot d4ree 1' (preterably
-

"):,. form.- the,,differenaes

cr(14 utni u(n - 1),

and compare. r(n) ' 141 th p(n) 14 ,ho te: that,.
u(C7)

u(i)

= u(n)

= u(n)

though obviou

self be proved L maChcmatLcal induction; a proof by

inciple is .easy.)
.

there ,exls

I
tion Ak is : if pk is a polynomial of d

ja- polynomial q of-degree k 1 such that
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--each-natural-number n.

Initial. Step,.

in-this daSes.pi(X. and the sum.

'P. +.P1(?) +

is an arithmetic progression iath,firs term .k.*-B-And common

difference B.

Hence by;Ekercise.2i

0'131( ) -,1 ?(A h). + (n

A

and the polynomial'q such that

LI x2q A -I-

of.degre e 2 m.: equired property
.

Sequeptial4 0 e-sUPp
.

oS that the assertion iA1, A
.,.

Ak are _all true,

degree at most k.

We. may write.any polynomial of degree k 1 in the form.

Pk+1 (pt) = axkl-1 S_ y (a 0

h result is proved for polyno lads of.

where S f degree k at-most. :Since,

thesis,. the s-

_Sk( ) Sk (2)

by our induction h

is the value at x = n of a polynomial o .deg ee at most k + 1, we

need not concern ourselves with the contribution of Sk and can

devote our attention primarily to the term ax- We se

Pki-1(1) ..± Pk1-1(2)-'4 +Pk+1(n

'0



=--andlifustag.01

We wish- to aappare this with

-define by analogy with (2)

rm(x ) ( .1

m+1
If we expand by the Binomial

we obtain
m+1 1 x

where -t is a polynomial ,©f deg

Because-,the Binpmiel Theorem also demands pro.°

---inoludd a spealalproor-
-1

Exi-;ise 16.

We have,

at-the-end of thisff7dtscussion' of

rom (3) and

1).1- rm(2)

and, Setting m = k 1, we get

ki-l= [rk+ (x) t

Substitu ing this result in (4) have

a
131.1( R-77ff [rk+1

= brk+1(x)

where b 0 and vk(J )

tk(x) Sk(x)

at most k. We now substitute (9) in getting

(9)

is degree



,by(

x1610)=Eric4i(gl-A=-L--

+NT vk2)

Elik(3-) 7k(2 vic(n) 1-

inducgon hypothesis as :that

.+,

11

141-1Pre-fwk-I-1 is a .polynomial of degree k 1 a t moat. Tier qe

= bxl.t+24 wk.-a

is a polynomial-of degree 2,
:

We mUst now-g.roVe (7)

and the'lndu
=

on complete._

Sttp:

m =.,; have

- 1.
Sequential S

Assume' the result is true for At.; the Ck 1) :h

stage, we have

k42
Fk-1-1(x)

2 +

3..)k42

1).(ki-1 -

-- 1)] 4.(x-- 1

k +1

rf(k41 )x
k + ()

(lc '41 ) -k ± (x-1

,J.,ck+1

(k 2)xkl-1 tk(x

where tk(x) = -(k 1')x (x )tk-1
(x) is a polynomial of

degree at most R. This is the desired result.
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ttL744F1418t ttlt1,04t1

It easy/ to oee: we can .never haO'e

9 '32 AnaeOnsOquent34 'it-an 'eVen POwer

nUMbers n 'while f (n) is always an-'odd power.

fore show: 'onlY. that m:=, 1 is the least
L) g

e We firs

this anis,

in

or, e

or

plies

sine g

It is `convenient to b,i.ea

n4- 1) >-g and

b).f(/'40.< g(n) Or all r

ermine)a

- 1 2g

"is. a- *riO'S1.y increasing

g(n - 1)

and g n 1 arp natural numbers

2g(n - 1 ) +t

is Fa

"2g (n - 1)3

) 3 g(n) = 2g(n) + g

-1)

= g ince'
-

pr

p _must- here--

be mt. such _

1)

unc on of t

ural number and therefore

`(n + 1) ) 2g(n)

We-have thud proved that (2) is equivalent t

This is all we need to prove a).

f(h + 1) > g(n).

In t al Step:

if n = 1, wp have

.2(2) - 27 2g(1 ) + 1 = 2 9 + 1 = 19.

9

g(fi)

Wo parts

( 2 )

(1) and implies (3).

Let our assertion n-



v how41

f ( 2

7

and A'
,
is hub verified.

Sequential Step

We assure `the. truth of .11-' which a serts that

k 1) .>

As .e have seen, this i.O.equivalehtto

f(k) 2g= (k

-which implies

Nit+ 1) 2g(k) +1

whith is, equivalen to

(k -+__ -)-g k+1),_

Thus Ak implies Acc and the inductive proof of part a) is co

plete.

e must now prove pa b).: g(n) for all r

as observed, x s a ictly increasing f

Qf x, it suffices to prove the case r = n.

Initial Ste :

f(1) = 3 < g (1) = 9.

4tEl4aLLILtm: Assume f(k ) g(k).. Then,

< g(k) + g(k) = 2g(k) .

t f(k + 1) . 3f(k) and g(k + 1) = 9g(

f(k + 1) < g(k +.1), which completes the induction for part b) and.

nce g(k)

(k

Since,

and therefore

thus the proof of the theorem.

**1St, (First Principle)

(The teacher will have recognized these as Fibonacci number

162



Set.

(2) x 1

), n

=

Using-t and (2) :.:1 ) we obtainin
r c

x + y)-2n-3.- 5 In-l-xr2n

Consequently i and 1n_ are inters so is

in- order to frame 4 'Proof by-mathematical induct on:we u

.the first principle and take nil the-assertion Ak that bath Ik

and-Iic+lare integers.

Sequential Ste

We assume that the .theorem is

have by the argument above.

-1k+2 = Ik+1 1k.

'the assertion Ak which we have assumed true

ntegers. Consequently their sum Ik+2 1







x.4x3
22.

A

A

330

Ex7erc _ses 2 - Solutionsons

- 1

=
9X2

+74:1

- 9X 2 ± 1
clor x

or x +

+

1

3 3 3.3

C



+x at x 1 or 2

3x- x -= or = 0

5

,t0
1(16x - t x = - ((16x x x= 2)

7
or 7 8/3 29/3 .

4 at x 1 j7. {(

F- 13 1/2.

01:

20 2

xf

I A ry



Men

Siri4e 'a2 + a

a 2

- 7 3 .-33
a3

-13

-37

al -3a2 - 7a.3 e 4

r

332

1

3.37 - 7.11 - 4.24,1

20 )



( -1, 2)

gib( 2

-1

2

=

4

I: k

+ 1) (x = 2)



1. f (x y)
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Exercises 4 - 12a

0, f (y) = 0; hence (6) becomes(x)
0 . 0.0. This function doe6 ti it satisfy (3) beciuse division

by zero,is not defined. The functiomf is

itself not defined in the case g(0) 0.

/
2. x y 1, f = 1, f ky) - 1; hence

1 = 1.1. is function also satisfies (_

1' 1

L

-1

Lakes LIAG

I 1 (

1 1

1 A 1

1. 1 I., -it a"4 L. 1. 1

L.

rea

L

and is

be



Since f

required equation.

335

may v de.( by it. This gives the

Exercises 4-1 d

1. r 1/3)

f(1/4)

f(3/4)

=

=

a1/3

a1/4.,

a3/4

a371/1000

1/5)

f(2/5)

r(3/5)

=

=

=

a1/5-

a2/-5

a35'

1

1) jr(1)ir

I/ alAvl p081 Live itt L1 c AAa 1

viC 1.4AV,;

)

r
a,



ExerciSes 4-12f

-f(r)

336

it
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Exercises 4-12e

1))1/3 = a 1/3

(1/4) =
a1/4

4) = a
3/4

f(1/5) = a
1/5

; f(2/5) = f ( 2-1/5) = [ 1/5 ) J . a2/53

f(3/5) = a3/5; f(4/5) 4 a 4/5

.371A 1.757

kr _ k

a.a Vii.. , 1 s 4 1

u1 i±



Similarly, = 3

338

f(4x ) = 4f and so on.

Proof that f (mx mf(x)

lni tial Step: f =.f

Sequential ,,Step: Suppose

number k. Then

t[ k ] e f(kx x)

kf(x) f(

(k s 1)

X

1-f x7-

,

for some natural



3

= rf (x).

.1) = r ly

r

etAt1 L

V Q

r all rational ,r by par_ and 0.

. a,

hence f = ar,

If x is any irrational number, there are rational nurbe
r and _ such that

oh

L )

A ill 1 y

(1W1,1,;1 A _ lb 5,,1

have lb ax.

A t)

LAX

L

4,

(DX t
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This must' be true, 1n.particular, for x = o (unlesE

therefore

and .k =

e.

k + 2
2k + 3

Exercises 4-13

. 1.000000

0.1 = 0.100000

.11'1 0, UUu

44- gin. a££ .

,1

0.0000-)0

1 v

A A

and
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9660'0 
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000.0 - 0000'L.= I 
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eri
3r cos 1 8£

,7r1

342

7r= cos 2i sin = 0

co 7r+ i sin 7 = -1 +`0.1 =

e
r 1= cos r sin 7 7 +

0.51
e cos aln 0 ---- .8776 + 0.47941


